For arbitrary values n and ℓ quantum numbers, we present the solutions of the 3-dimensional Schrödinger wave equation with the pseudoharmonic potential via SU (1, 1) Spectrum Generating Algebra (SGA) approach. The explicit bound state energies and eigenfunctions are obtained. The matrix elements r 2 and r d dr are obtained (in a closed form) directly from the creation and annihilation operators. In addition, the expectation values of r 2 and p 2 and the Heisenberg Uncertainty Products (HUP) for set of diatomic molecules (O 2 , I 2 , N 2 , H 2 , CO, NO, HCl, CH, LiH, ScH, TiH, VH, CrH, MnH, TiC, NiC, ScN, ScF, Ar 2 ) for arbitrary values of n and ℓ quantum numbers are obtained. The results obtained are in excellent agreement with the available results in the literature. It is also shown that the HUP is obeyed for all diatomic molecules considered.
Introduction
The Spectrum Generating Algebra (SGA) methods have been playing an important role in solving some quantum mechanical problems, since its introduction by Schrödinger, Infeld, Infeld and Hull [1, 2] . This technique serves as a useful tool in various fields of physics, ranging from quantun mechanics (relativistic and nonrelativistic), mathematical 1 TWAS-UNESCO Associate, Permanent Address: Theoretical Physics Section, Department of Physics, University of Ilorin, P. M. B. 1515, Ilorin, Kwara state, Nigeria. kjoyewumi66@unilorin.edu.ng ladder operators for special orthogonal functions based on the Nikiforov-Uvarov formalism and generated a list of creation and annihilation operators for some well known special functions.
In the present study, we have followed the approach introduced by Dong [4] . This is done by using the recursion relations for the generalized Laguerre polynomials and the explict form of the eigenfunctions, the SU(1, 1) dynamical algebra generators for some quantum mechanical systems can therefore be obtained.
Apart from generating the eigenvalues and eigenfunctions, this approach offers the additional advantages in that it can be used to find the matrix elements in a simple way, and it is also very useful in constructing coherent states of a given Hamiltonian system [16, 22, 24] . Thus, Gur and Mann [16] used SGA approach to construct the radial Barut- Girardello coherent states for the isotropic harmonic oscillator in arbitrary dimension and mapped these states into Sturm-Coulomb radial coherent state; the dynamics of SU(1, 1) coherent states are investigated for the time-dependent quadratic Hamiltonian system by Choi [22] . Very recently, the second lowest and second highest bases of the discrete positive and negative irreducible representations of SU(1, 1) Lie algebra via spherical harmonics are used to construct generalized coherent states by Dehghani and Fakhri [24] .
In recent years, discussion on the 3D-dimensional anharmonic oscillators has been receiving considerable attention in chemical physics. This is due to their usefulness in studying the dynamical variables of diatomic molecules. The Morse potential has been one of the most popular model potential which is employed in the study of molecular spectra [36 -38, 41 -44] .
The corresponding wavefunction does not vanish at the origin, and the exact solutions for any angular momentum (ℓ = 0 ) are as yet unknown. Several other potentials are been used as alternatives and their performances have been compared with the Morse potential [39, 40, 42] . For examples, Kratzer and pseudoharmonic potentials which have known exact solutions like in the Coulomb and harmonic oscillator model potentials [17, 35, 44, 45, 46, 47, 48] .
For the purpose of this study, we consider pseudoharmonic potential. This potential has been very useful in the area of physical sciences and it has been extensively used to describe interaction of some diatomic molecules since its introduction [4, 15, 25, 26, 27, 29, 33, 34, 35] . Sage [26] has discussed the energy levels and wavefunctions of a rotating diatomic molecule using a three-parameter model potential called the pseudogaussian (pseudoharmonic) potential and he found that the potential is reasonably behaved for both small and large internuclear separations.
Obviously, the pseudoharmonic oscillator behaves asymptotically as a harmonic oscillator, but has a minimum at r = r e and exhibits a repulsive inverse-square-type singularity at r = 0. The energy eigenvalues and the eigenfunctions of the pseudoharmonic oscillator can be found exactly for any angular momentum. These wavefunctions have reasonable behaviour at the origin, near the equilibrium, and at the infinity [28] .
Its characteristics make it useful to model various physical systems, including some molecular physical ones [4, 17, 26, 27, 34, 46] . From the mathematical point of view, it resembles the harmonic oscillator, from which it deviates by two correction terms depending on the potential depth and the equilibrium distance paramater r e : the first one is an energy shift and the second one is a modified centrifugal term. The latter can also be viewed as originating formally from a non-integer orbital angular momentum [27] . The eigenfunctions and energy eigenvalues are similar to those of the harmonic oscillator, which can be obtained exactly in the r e → 0 limit. Recently, with an improved approximation to the orbital centrifugal term of the Manning-Rosen potential, Ikhdair [49] used the nikiforov-Uvarov method to obtain the rotational-vibrational energy states for a few diatomic molecules for arbitrary quantum numbers n and ℓ with different values of the potential parameters.
In the study of the diatomic molecules using the diatomic molecular potentials, different methods have been employed: Nikiforov-Uvarov method [35, 41 -46] ; asymptotic iteration method [47] ; Exact method [34] ; shifted 1/N expansion [37] ; exact quantization rule method [39, 48] ; SUSY approach [38] ; Nikiforov-Uvarov method [35, 44, 46] ; tridiagonal J-matrix representation [51] and algebraic method [17, 50] .
The aim of this work is to realize the dynamical SU(1, 1) algebra generators for the pseudoharmonic potential to obtain the energy eigenvalues, eigenfunctions and the matrix elements of the pseudoharmonic potential. The results obtained are used to calculate the bound state energies of some neutral diatomic molecules (metallic hydrides, homogeneous and heterogeneous diatomic molecules) for any n and ℓ quantum numbers.
The scheme of our presentation is as follows: in Section 2, we study the 3-dimensional Schrödinger equation for the pseudoharmonic potential. In Section 3, we present the formal solutions of the problem and describe the SGA method used in constructing the ladder operators for obtaining the energy eigenvalues, the eigenfunctions and the metrix elements for the pseudoharmonic potential. We present in Section 
This potential is associated with the following molecular potentials:
• Isotropic harmonic oscillator plus inverse quadratic potential
here A = µω 2 , B = g and c = 0 [4, 15, 29, 31, 32, 33] .
• The pseudoharmonic potential
where D e is the dissociation energy between two atoms in a solid and r e is the equilibrium intermolecular separation. Here, we have A = De r 2 e , B = D e r e and c = −2D e [4, 15, 25 -32, 35] . The graphs of the potential in equation (3) for some diatomic molecules is displayed in the figure below Figure 1 . Figure 1 . Shapes of the pseudoharmonic potentials for some diatomic molecules.
The Schrödinger equation for the three-dimension for this potential is
r 2 − 2D e ψ(r, θ, φ) = Eψ(r, θ, φ).
If we propose ψ n,ℓ,m (r, θ, φ) to have the form
then, equation (4) reduces to two decoupled differential equations, that is, the radial and angular wavefunctions:
and
where ℓ = 0, 1, 2, . . . is the orbital angular momentum quantum numbers, n = 1, 2, 3, . . .
is the principal quantum number, µ is the reduced mass,h is the Planck's constant divided by 2π and E is the energy eigenvalue. Equation (6) can be rewritten as
where
To obtain the relevant algebraic operators for the radial symmetry, equation (8) is solved and the solutions which is a degenerate hypergeometric or Kummer equation
(associated Laguerre differential equation) is obtained [52 -54] . Then, the radial funtions R n,ℓ (r) for this potential is obtained as:
L k n (x) is the associated Laguerre functions [52 -54] , N n,ℓ is the normalization constant which is determined from the normalization condition
as
3 The Spectrum Generating Algebra (SGA)
In a brief introduction, the classical Lie algebra SU(1,1) can be generated by the elements K 0 , K 1 , K 2 which satisfies the following commutation relations:
Alternatively, these can be expressed in terms of the creation and annihilation operators
the commutation relations together with K 0 can be written as:
Based on the Schrödinger factorization method, Infeld-Hull factorization method, we adopt the factorization method introduced by Dong [4] . This is done by construction of the creation and annihilation operators through the recursion relations of the Laguerre functions that evolved, and thereby construct a suitable Lie algebra in terms of these ladder operators.
In this case, we obtain the differential operatorsĴ ± with the following property:
these operators are of the formĴ
and depend only on the physical variable r.
On operating the differential operator d dr on the radial wavefunctions (10), we have,
In order to find the relationship between R n,ℓ (r) and R n+1,ℓ (r), the expression above is used to construct the ladder operatorsĴ ± by using the recurrence relations of the associated Laguerre functions. To find these, the following recurrence relations of the associated Laguerre functions are used [52 -54] :
The creation and annihilation operators are obtained as:
wheren is the number operator with the propertŷ nR n,ℓ (r) = nR n,ℓ (r).
On defining the operator
then, the operation ofĴ ± andĴ 0 on the radial wavefunctions R nr,ℓ (r) allows us to find the following properties:
On carefully inspecting the dynamical group associated to the annihilation and creation operatorsĴ − andĴ + , based on the results of equations (24) and (25) , the commutator [Ĵ − ,Ĵ + ] can be evaluated as follows:
and operatorsĴ ∓ andĴ 0 satisfy the following commutation relations:
We define the Hermitian operators for these operators as follows:
and the following commutation relations are obtained:
The Casimir operator can be expressed as [55] 
Then, the Casimir operatorĈ now satisfies the following commutation relations:
therefore, the operatorsĴ ± ,Ĵ x ,Ĵ y ,Ĵ z andĴ 0 satisfy the commutation relations of the dynamical group SU(1, 1) algebra, which is isomorphic to an SO(2, 1) algebra (i. e.
. The commutation rules are valid for the infinitesimal operators of the non-compact group SU(1, 1) [9, 56] .
The Hamiltonian operatorĤ takes the form
Furthermore, we find that the following physical functions can be obtained by the creation and annihilation operatorsĴ ∓ andĴ 0 as:
With equations (35) and (36), the matrix elements for r 2 and r d dr are obtained as follows:
From the relations above, we can deduce the following relations:
These two relations form a useful link for finding the matrix elements from the creation and annihilator operators. The explicit bound state energies for the pseudoharmonic potential are obtained as :
where γ ℓ is as stated in equation (9).
The expectation values of
r 2 and p 2 for
the pseudoharmonic potential
The expectation values of r 2 and p 2 can be obtained by applying the Hellmann-Feynman theorem (HFT) [30, 57 -64] . This theorem states that a non-degenerate eigenvalue of a hermitian operator in a parameter dependent eigensystem varies with respect to the parameter according to the formula
provided that the associated normalized eigenfunction Ψ ν , is continuous with respect to the parameter, ν. The effective Hamiltonian of the pseudoharmonic potential radial
With ν = D e and ν = µ, then, the following expectation values of r 2 and p 2 are obtained respectively as:
The Heisenberg Uncertainty product for the pseudoharmonic potential
In 1927, Werner Heisenberg stated that certain physical quantities, like the position and momentum, cannot both have precise values at the same time, this is called the Heisenberg uncertainty principle [65] . That is, the more precisely one property is measured, the less precisely the other can be measured. A mathematical statement of this principle is that every quantum state has the property that the root mean square (RMS) deviation of the position from its mean (the standard deviation of the x-distribution):
and the RMS deviation of the momentum from its mean (the standard deviation of p):
the product of which can never be smaller than a fixed fraction of Planck's constant:
This inequality is very important in physics, it has been pointed out that for a particle moving non-relativistically in a central potential V(r), the following uncertainty relation holds [33, 61, 62, 64, 65, 66] :
With equations (44) and (46) and noting that r = p = 0 (due to parity consideration), the Heisenberg uncertainty product for the pseudoharmonic potential becomes:
In this work, we obtained the explicit bound state energies (E n,ℓ ), the expectation values of r 2 and p 2 ( r 2 and p 2 ) and the Heisenberg uncertainty product P n,ℓ of some diatomic molecules for various values of n and ℓ. In the case of this study, we have selected some diatomic molecules for the purposes which they serve in various aspect of chemical synthesis, nature of bonding, temperature stability and electronic transport properties in chemical physics [41, 70, 72] .
Some of these selected diatomic molecules composed of the some homogeneous diatomic molecules (dimers) (O 2 , I 2 , N 2 , H 2 , Ar 2 ); the heterogeneous diatomic molecules (CO, NO, HCl, CH, LiH); the neutral transition metal hydrides ( ScH, TiH, VH, CrH, MnH); the transition-metal lithide (CuLi); the transition-metal carbides (TiC, NiC); the transition-metal nitrite (ScN) and the transition-metal fluoride(ScF).
The spectroscopic parameters and reduced masses for some selected diatomic molecules used in our study are shown in Table 1 . The spectroscopic parameters listed in this The explicit bound state energies of some of these diatomic molecules for various values of n and ℓ are obtained and compared with the exact method [34] and the NikiforovUvarov method [35] for CO, NO,CH and N 2 . In the Tables 2 -7 , we have used E n,ℓ (FM)
to mean factorization method (present method), E n,ℓ (EM) to mean Exact Method [34] and E n,ℓ (NU) mean Nikiforov-Uvarov Method [35] . Also, the numerical results for the expectation values of r 2 and p 2 ( r 2 and p 2 ) and the Heisenberg uncertainty product P n,ℓ of some of these diatomic molecules for various values of n and ℓ are computed and Table 1 : Model parameters for some diatomic molecules in our study. presented in Tables 2 -7 . 
Conclusions
We have used SU(1, 1) spectrum generating algebra approach to obtain the solutions of the 3-dimensional Schrödinger wave equation with pseudoharmonic molecular potential.
The explicit bound state energies, the eigenfunctions and the radial matrix elements are obtained for this molecular potential. Furthermore, based upon the solutions obtained, by using Hellmann-Feynman theorem, the expectation values of r 2 and p 2 are obtained.
The Heisenberg uncertainty products P n,ℓ for this potential are obtained also. the transition-metal carbides (TiC and NiC); the transition-metal nitrite (ScN) and the transition-metal fluoride(ScF).
The explicit bound state energies obtained for these diatomic molecules for various values of n and ℓ are compared with the exact method [34] and the Nikiforov-Uvarov method [35] for CO, NO, CH and N 2 and our results are in excellent agreement with their results as displayed in Tables 2 -7 .
Though, slight differences are noticed in the explicit bound state energies we obtained when compared with the results of Ikhdair and Sever and Sever et al. [34, 35] , this is due to the conversions used by Ikhdair and Sever and Sever et al. [34, 35] 
This implies that the numerical value of the Heisenberg uncertainty product P n,ℓ
can not be less than 2959.89 eV A o /c for this principle to hold. The Heisenberg uncertainty products in all these selected diatomic molecules attains its minimum value of 2959.89 eV A o /c, even the lowest Heisenberg uncertainty products (for ground state) P 0,0 obtained for H 2 is 10128.73248449469 eV A o /c which is greater than the minimum.
It is evident from the Tables displayed that the explicit bound state energies, the expectation values of r 2 and p 2 and the Heisenberg uncertainty products P n,ℓ increase as the quantum numbers (n, ℓ) of the state increase. Similar studies involving the confined diatomic molecules are currently in progress [77] .
It should be noted that the advantage of this SGA method is that, it allows one to find the explicit bound state energies and the eigenfunctions directly in a simple and unique way. This method, as applied here to the diatomic molecules demonstrates that the values obtained are in excellent agreement with earlier results derived from the other methods. We have also demonstrated that the Heisenberg uncertainty product is validated by all the diatoms considered. Finally, the method serves as a very useful link for finding the matrix elements from the creation and annihilation operators in addition to allowing the construction of the coherent states.
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